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ABSTRACT
I argue that the problem of electromagnetically driven electron–positron cascades in mag-
netospheres of neutron stars must be addressed starting from �rst principles. I describe a
general numerical algorithm for doing self-consistent kinetic simulations of electron–positron
cascades – wherein particle acceleration, pair creation and screening of the electric �eld are
calculated simultaneously – and apply it to model the Ruderman & Sutherland cascade in one
dimension. I �nd that pair creation is quite regular and quasi-periodic. In each cycle a blob of
ultra-relativistic electron–positron plasma is generated; it propagates into the magnetosphere
leaving a tail of less relativistic plasma behind, and the next discharge occurs when this mildly
relativistic plasma leaves the polar cap. A short burst of pair formation is followed by a longer
quiet phase when accelerating electric �eld is screened and no pairs are produced. Some of
freshly injected electron–positrons pairs get trapped in plasma oscillations creating a popula-
tion of low-energy particles. The cascade easily adjusts to the current density required by the
pulsar magnetosphere by reversing some of the low-energy particles. Each discharge generates
a strong coherent superluminal electrostatic wave, which may be relevant for the problem of
pulsar radioemission.

Key words: acceleration of particles – plasmas – stars: magnetic �eld – stars: neutron –
pulsars: general.

1 INTRODUCTION

Rotation-powered pulsars remain a profound puzzle despite the fact
that the �rst pulsar was discovered 40 yr ago (Hewish et al. 1968). A
pulsar is a rapidly rotating, strongly magnetized neutron star (NS),
as it was originally proposed by Gold (1969) and Pacini (1967),
with most of its radiation produced in the magnetosphere. How-
ever, there is still no consistent quantitative pulsar model. Proposed
models range from a NS with charge-starved electrosphere (Krause-
Polstorff & Michel 1985) to a NS with force-free magnetosphere,
where acceleration of particles and, hence, emitting zones are lo-
calized in very small spatial regions (Goldreich & Julian 1969).

The force-free magnetosphere model is favoured by the majority
of astrophysicists working on pulsars. There are observational hints
favouring this model: (i) young pulsars produce relativistic winds
with particle number density much larger than it is necessary to
screen accelerating electric �eld parallel to the magnetic �eld; (ii)
pulse peaks are narrow, what points to smallness of emitting regions,
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and, hence, to smallness of regions where particles are accelerated.
From theoretical point of view, as it was pointed out by Sturrock
(1971), physical conditions in the polar cap of pulsar are almost ideal
for generation of electron–positron pair plasma. The energy density
of the generated plasma is negligible compared to the energy density
of the magnetic �eld near the NS. The magnetosphere, if �lled with
plasma, almost certainly being force-free (almost everywhere) near
the NS should be force-free at much larger scales as well; at least
numerical simulations of the force-free magnetosphere of an aligned
rotator have shown that magnetosphere can remain force-free up
to distances much larger than the light cylinder radius (Timokhin
2006).

Therefore, pursuing the force-free model as a ‘standard model’
seems to be reasonable. Recently the force-free pulsar magneto-
sphere model has been studied in great detail (e.g. Contopoulos,
Kazanas & Fendt 1999; Gruzinov 2005; Timokhin 2006, 2007a;
Spitkovsky 2006; Kalapotharakos & Contopoulos 2009; Bai &
Spitkovsky 2010). The force-free magnetosphere is a restricted
magnetohydrodynamic system which does not admit any current
density distribution. By �xing the boundary conditions – in the case
of a pulsar these are the variation of accelerating potential across
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the polar cap and the size of the corotating zone – one �xes the
current density distribution. It turns out that the admitted range of
current density distributions in the force-free magnetosphere with
realistic boundary conditions – when the potential drop in the polar
cap is less than a vacuum one – is rather limited (Timokhin 2006,
2007a,b). For young pulsars, where potential drop in the polar cap
must be small, the current density is not constant and strongly devi-
ates from the Goldreich–Julian (GJ) current densityjGJ � � GJc (� GJ

is the GJ charge density andc is the speed of light); along some
magnetic �eld lines it has the sign opposite to the sign of the GJ
charge density.

Pair production in the polar cap of pulsar is vital for sustaining of
the force-free magnetosphere – without it there will be not enough
plasma to cancel the accelerating electric �eld. Currents �owing
in the open �eld line zone of the magnetosphere �ow through the
pair-producing region at the base of the polar cap; therefore, any
model of the polar cap cascade zone must agree with a global mag-
netosphere model on the current density �owing along magnetic
�eld lines. Many previously proposed models for polar cap cas-
cades (and almost all quantitative models) assumed stationary uni-
directional out�ow of a charge separated particle beam (e.g. Arons
& Scharlemann 1979; Daugherty & Harding 1982; Muslimov &
Tsygan 1992; Harding & Muslimov 2002; Hibschman & Arons
2001a). All these models predicted current density being almost
equal to the GJ current density everywhere in the polar cap of
pulsar. This prediction is in strong disagreement with the force-free
magnetosphere model: for young pulsars like Crab a deviation of the
charge density from� GJ of the order of few per cents – and in unidi-
rectional �ow this implies the same deviation of the current density
from jGJ – can account for all pulsar emission. Both sides of this dis-
crepancy are based on detailed simulations and it is not possible to
change some parameters in order to �t the models together. So, either
themagnetosphereis non-force-free or non-stationary (or both) or
polar cap cascadesdo not operate according to the existing models.

From the energetic point of view a stationary (on the rotation
time-scale) force-free con�guration seems to be the most preferable
state of the magnetosphere. The inductance of the magnetosphere is
much larger than that of the polar cap, therefore, the current density
in the polar cap will be set by the magnetosphere and not in the
opposite way (e.g. Mestel 1999). In my opinion these are strong
hints that existing quantitative models for particle acceleration and
pair production in pulsar polar cap do not work. Particle accelera-
tion and electron–positron pair production in cascade zones can be
essentially non-stationary: time intervals of effective particle accel-
eration could alternate with intervals when the accelerating electric
�eld is screened by electron–positron pairs created in the cascade;
in fact, in the �rst paper on pulsar cascades (Sturrock 1971) the
particle �ow was assumed to be non-stationary. The current den-
sity �owing through non-stationary cascade �uctuates strongly and
the amplitude of the �uctuation should depend on the microphysics
of the pair-generation process, not on the global physics of the
magnetosphere. However, the characteristic time-scale of polar cap
cascades (microseconds) is much shorter than the magnetospheric
time-scale (longer than milliseconds) so that all �uctuations due to
cascade non-stationarity will be washed out. The average current
density in the cascade zone could be adjusted to the current density
required by the magnetosphere by adjusting the time cascade spent
in ‘active’ and ‘passive’ phases. On the other hand, it is still possi-
ble that particle �ow in the cascade zone is nevertheless stationary
but not unidirectional – with some particles trapped in a non-trivial
accelerating potential (Arons 2009). However, all these qualitative
statements have to be proved.

Electromagnetically driven electron–positron cascades can oper-
ate not only in polar caps of radiopulsars. Some pulsars in outer
parts of their magnetospheres – close to the place where the GJ
charge density changes the sign – could have so-called ‘outer-gap’
cascade zones (Cheng, Ruderman & Sutherland 1976); although
it seems that such acceleration zone can exist only if polar cap
cascades fail to supply enough pair plasma to short-out the elec-
tric �eld in the entire magnetosphere. Electromagnetically driven
cascades should generate plasma in magnetospheres of magnetars
along open (Thompson 2008) as well as closed magnetic �eld lines
(Beloborodov & Thompson 2007). Electron–positron cascades can
also work in magnetospheres of black holes (Beskin, Istomin &
Parev 1992). The study of pair cascade dynamics is, therefore, of
signi�cance for a broad class of astrophysical problems.

Non-stationary regime of electromagnetically driven cascades is
poorly investigated. Only few attempts have been made before to
construct quantitative models for non-stationary cascades. Al’Ber,
Krotova & Eidman (1975) were the �rst, their model was 0D – it
accounted only for variability in time. It predicted strong time vari-
ability in pair creation rate due to the delay between emission of
a high-energy photon and its decay into an electron–positron pair.
Fawley (1978) tried to make a numerical model for Ruderman &
Sutherland (1975) cascade using 1D particle-in-cell (PIC) code and
a simple version of on-the-spot approximation for pair injection. At
that time it was a formidable numerical problem; simulations could
be performed only for a very short time after cascade ignition, so
that no conclusive results could be drawn from them. Levinson
et al. (2005), Luo & Melrose (2008), Melrose, Rafat & Luo (2009)
used 1D two-�uid approximation for electron–positron plasma and
on-the-spot approximation for pair injection; they studied polar
cap cascades operating in the space charge limited �ow regime
and found that generation of pairs is essentially turbulent – pair
were created throughout all physical region admitting pair creation.
Beloborodov & Thompson (2007) studied pair cascades in the
closed �eld line zone of magnetar magnetosphere. They used on-
the-spot approximation for pair injection and tracked motion of
electrons and positrons in self-consistently calculated electric �eld;
the electric �eld was assumed to be zero at both ends of the �eld
line. They too concluded that pair creation is turbulent.

In all of these models some or other simplifying assumptions
about physical processes at play were used. It is dif�cult to draw
decisive conclusions about the character of particle �ow pattern
from them because it is not clear a priori whether ignoring one of
the aspect of cascade physics can result in qualitatively different
behaviour or not. In my view, the study of electron–positron cas-
cades should be done startingab initio. No assumptions about the
character of particle �ow should be made and the key ‘ingredients’
of the system must be preserved in the model: back reaction of
particles on the accelerating electric �eld and the delay between
photon emission and pair injection. Possible complexity of system
behaviour compels to conduct a numerical experiment where par-
ticle acceleration, pair production and variation in the accelerating
electric �eld are modelled self-consistently.

With this paper, I intend to start a series of publications dedicated
to self-consistent numerical modelling of full kinetics of electron–
positron pair cascades in magnetospheres of NSs. In this paper
I describe a numerical algorithm for self-consistent modelling of
electromagnetic cascades starting from �rst principles and apply it
for study of the most simple model of polar cap cascade – when
particles cannot escape the NS surface – the Ruderman & Sutherland
(1975) model. The goal of this work is not merely to quantify the
Ruderman–Sutherland model but to try to infer basic properties of
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electromagnetic cascades. The most important qualitative questions
about basic cascade properties I try to answer are (i) what is the
character of plasma �ow and (ii) how the pair cascade adjusts to the
current density required by the magnetosphere.

The structure of the paper is as follows. In Section 2, I describe the
general numerical algorithm I developed for modelling of electro-
magnetic cascades. In Section 3, I describe physical and numerical
aspects of the polar cap cascade model. Simulations results and their
analysis are presented in Section 4; I summarize the inferred cascade
properties in Section 4.6. In Section 5, I discuss limitations of the
model, applicability of physical approximations used in previous
works and implication of the results for physics of radiopulsars.

2 GENERAL NUMERICAL ALGORITHM

In electromagnetically driven pair cascade in NS magnetosphere
the following physical processes determine the behaviour of the
system.

(i) Charged particles – electrons and positrons – are accelerated
by the electric �eld induced by NS rotation.

(ii) Particles emit high-energy gamma-rays. The radiation mech-
anisms relevant for pulsars include curvature radiation, inverse
Compton scattering (in both resonant and non-resonant regime)
of thermal X-ray photons emitted by the NS, and synchrotron radi-
ation of freshly created pairs (e.g. Sturner, Dermer & Michel 1995;
Zhang & Harding 2000).

(iii) Gamma photons propagate some distance and then create
electron–positron pairs. In pulsar polar cap the dominating pro-
cess is the single photon pair creation in the strong magnetic �eld
(Sturrock 1971). In the outer pulsar magnetosphere, the dominant
process will be photon–photon pair creation either on soft photons
emitted by the NS (thermal X-rays) or on soft photons produced in
the cascade itself (Cheng, Ho & Ruderman 1986).

(iv) Creation of electron–positron pairs increases plasma den-
sity and changes the electric �eld: if a pair is created in a region
with strong electric �eld, electron and positron are accelerated in
opposite directions and redistribution of the charge density alters
the accelerating electric �eld.

Probably the best numerical technique for self-consistent mod-
elling of plasma kinetics – acceleration of charged particles and
changes of electromagnetic �elds induced by their motion [Items
(i) and (iv) in the list] – is Particle-In-Cell (e.g. Birdsall & Langdon
1985). There particle distribution is modelled directly by represent-
ing plasma by an ensemble of macroparticles. PIC is a mature nu-
merical technique. Many of its properties are well known and are the
subject of constant ongoing investigations (e.g. Verboncoeur 2005).
Although on the current stage of the project 1D modelling is used,
PIC allows straightforward generalization for multi-dimension. Par-
ticle emission and creation of electron–positrons pairs – a radiation
transfer problem [Items (ii) and (iii)] – in a system with strongly
and rapidly changing particle energy distribution are best to model
utilizing the Monte Carlo technique (e.g. Sobol’ 1973; Fishman
1996); the computational costs of Monte Carlo are almost the same
for 1D and multi-dimensional cases. On the other hand, in PIC
plasma is already represented by discrete particles, which makes
Monte Carlo a natural choice. For modelling of pair cascades I de-
cided to develop a new hybrid PIC/Monte Carlo code. The existing
hybrid codes used for modelling of gas discharges do not include
radiation transfer and account only for interaction between charged
and neutral particles; the Monte Carlo technique there is used to
account for interaction randomness.

The mean-free path of gamma-photons does not depend on the
plasma density in the polar cap; it is set by the strength of the
magnetic �eld and by the curvature of magnetic �eld lines. For the
minimum mean-free path of photons, the estimate of Ruderman
& Sutherland (1975) can be used, which gives� mfp � 103 cm. In
space charge limited �ow models photon mean-free path could
be comparable to the NS radius,� mfp � 106 cm. Characteristic
plasma scales are of the order of the Debye length which depend on
plasma density. A rough estimate for the Debye length can be made
assuming plasma density being equal to the GJ number density
nGJ = � GJ/ e:

� GJ
D �

c
� GJ

p

= c
�

4� � GJe
me

� Š1/ 2

� 2BŠ1/ 2
12 PŠ1/ 2 cm, (1)

whereB12 is the pulsar magnetic �eld in units of 1012 G andP
is the pulsar period in seconds. The photon mean-free path is
much larger than the Debye length, and so it sets the macroscopic
scale – the length of the computational domain. The Debye length
of the plasma sets the microscopic scale of computations – the cell
size. It will be unwise to advance photons in space at the same
pace as particles – photons propagate large distance to the absorp-
tion point without interaction while particle motion can change on
very small spatial scales. Propagation of photons must be calculated
separately, with larger spatial steps.

For modelling of electromagnetic cascades in NS magneto-
spheres I developed a general algorithm which calculates plasma
motion and photon propagation in different numerical pace. The
scheme of the algorithm is presented in Fig. 1, where the sequence
of operations performed at every time-step is shown.

The plasma dynamics is done with the standard PIC algorithm.
Using the current density known from the previous step I solve
Maxwell equations and get electric �eld at grid points. Then for
each particle I interpolate the electric �eld to the particle’s position
and get the electric force on the particle. Solving the equation of
motion I advance particle momenta and positions. Particle motion
through the cell boundary is counted as its contribution to the electric
current. The electric current for each cell boundary is computed
simultaneously with particle motion and is stored for the next time-
step.

Photon emission and pair production are calculated as follows. I
sample how many photons capable of producing electron–positron
pair each particle emits during the current time-step. For each emit-
ted photon, its energy is sampled from the spectral energy distri-
bution of the corresponding emission process. Then I sample the
distance the photon will travel until it is absorbed. Calculation of the
optical depth to pair creation is done with the space steps adjusted
according to the current value of the cross-section for photon ab-
sorption; most of the steps are much larger that the cell size. In this
way photon propagation is done in (appropriate) and much faster
numerical pace than particle advance. Photon’s energy, position and
time of absorption are stored in an array. At every time-step I iterate
over the photon array and pick up photons which are absorbed at
the current time-step. For each of the selected photons I inject an
electron and a positron at the point of photon absorption and delete
that photon from the array. Being injected at the same point freshly
created electron and positron do not contribute to the charge and
current densities at the time-step of injection.

If there are too many particles of a particular kind in the com-
putational domain, their number can be reduced by deleting some
randomly selected particles. The total statistical weight of the se-
lected particles is stored and then statistical weights of all remaining
particles of the same kind are increased in order to compensate for
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Figure 1. Code structure – sequence of operations performed at every time-step.

the deleted particles. Although this conserves the overall charge of
the system, the resulting charge distribution will be slightly differ-
ent from the one before particle deletion. To proceed with charge
conserving algorithm one needs to solve the Poisson equation in or-
der to bring the electric �eld in accordance with the altered charge
distribution. When the number of photons is reduced, the later step
is, of course, unnecessary.

3 ONE-DIMENSIONAL DISCHARGE
IN PULSAR POLAR CAP

As previously there were no truly self-consistent studies of electro-
magnetic cascades – allowing time-dependence and incorporating
all classes of relevant microscopic processes – I decided to address
�rst the simplest case in order to develop an intuition about physics
of pair plasma generation. It was not clear a priori what is the pattern
of plasma �ow, and in order to develop an appropriate numerical
technique to model a realistic system with many microscopic pro-
cesses at play a ‘bare-bone’ model must be studied �rst.

3.1 Physical model

The Ruderman & Sutherland (1975) model for pair cascade in the
polar cap of pulsar is the simplest possible model for a pair cascade.
Ruderman and Sutherland considered the case when the NS angular
velocity is anti-parallel to its magnetic momentum – so that the GJ
charge density is positive – and assumed that the work function to
extract a positive ion from the surface of an NS is much larger than
the available electric potential. In this model there is no plasma
in�ow from the surface of the NS and all plasma in the cascade
zone is produced by pair creation in a series of ‘discharges’. When
enough plasma is produced in the discharge zone, it screens the
accelerating electric �eld and, therefore, stops particle acceleration
and pair creation. Plasma �ows into the magnetosphere and – as
there is no source of plasma than (now suppressed) pair creation –
the plasma density decreases. When there are not enough charged
particles to screen the accelerating electric �eld the pair formation
starts again.

Although there are hints (e.g. Medin & Lai 2007) that the work
function in the NS crust can be small enough – so that particles can
be extracted from the star – and cascade operates in the so-called
space-charge limited �ow regime (Arons & Scharlemann 1979), I
think that studying of the Ruderman–Sutherland model is worth
the effort. As reasons for this I give the following points: (i) this
model is intrinsically non-stationary and should be a good test of

whether non-stationary cascade is indeed �exible enough to adjust
itself to any current density required by the magnetosphere; (ii)
being the simplest model it could be used as a testing ground for
the numerical technique; (iii) boundary conditions in this model
(no plasma in�ow) are similar to that in the problem of electron–
positron pair plasma generation near the horizon of a black hole
(Beskin et al. 1992; Hirotani & Okamoto 1998), and, hence, from
the solution of the pulsar problem it would be possible to get some
hints to how to address the latter problem.

Ruderman & Sutherland (1975) estimate the height of the cascade
zone for young pulsars (their equation 22) as

hRS � 5 × 103� 2/ 7
6 P3/ 7BŠ4/ 7

12 cm, (2)

whereB12 is the pulsar magnetic �eld in units of 1012 G, � 6 is the
radius of magnetic �eld line curvature normalized to 106 cm andP
is the pulsar period in seconds. For young pulsars, with the period
of the order of� 0.1 s,hRS is less than the width of the polar cap

rpc � 1.45× 104PŠ1/ 2 cm. (3)

Therefore, 1D approximation should work well for such cascades.
In the Ruderman–Sutherland model the charge density deviates
strongly from the GJ charge density what creates accelerating elec-
tric �eld comparable to the vacuum electric �eld. The general rela-
tivistic effects introduce corrections to the electric �eld of the order
of several per cent of the vacuum electric �eld (Beskin 1990; Mus-
limov & Tsygan 1990), and for this problem they can be ignored.

For young pulsars the dominant emission process in terms of
the number of pair-production capable photons is the curvature
radiation (e.g. Hibschman & Arons 2001a). In this paper, I am
primarily interested in dynamics of the discharge zone, the region
with the accelerating electric �eld. The size of that zone should be
of the order of fewhRS, which is of the order of the mean free-path
of curvature photons. Synchrotron photons emitted by the injected
pairs are much less energetic than curvature photons and, therefore,
the mean-free path of synchrotron photons is much larger thanhRS.
They are absorbed at large distances from the NS where plasma
density is expected to be very high and electric �eld is already
screened. Hence, the pairs produced by the synchrotron photons
do not in�uence the discharge dynamics, and synchrotron emission
can be ignored.

So, the minimal physical model for the Ruderman–Sutherland
cascade includes 1D electrodynamics, curvature radiation as the
photon emission process and pair creation in a strong magnetic
�eld as the source of electron–positron pairs.
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3.2 Main equations

In the superstrong magnetic �eld of pulsar charged particles are in
the �rst Landau level and move strictly along magnetic �eld lines.
The radius of curvature of magnetic �eld lines� is much larger than
the polar cap radiusrpc; for distances comparable to the width of
the polar cap particle dynamics can be considered as a motion along
straight lines. The curvature of the �eld lines is essential for photon
emission and pair creation. The radius of curvature of magnetic �eld
lines enters in the expressions for curvature radiation and gamma-
ray absorption cross-sections as a parameter, which can depend on
particle position.

I assume that charged particles move along straight magnetic �eld
lines which are perpendicular to the NS surface. A coordinate axis
x is directed along the �eld lines, its origin is at the NS surface and
positive direction is towards the magnetosphere. In the 1D model
charged particles are represented by thin sheath with in�nite extend
in the direction perpendicular to thex-axis. I normalize particle
momentum tomec – the normalized particle momentump is its
4-velocityp = �� , where� = v/ c is particle velocity normalized
to the speed of light and� = (1 Š � 2)Š1/ 2 is the Lorentz factor. The
equation of motion for a particlei is

dxi

dt
= vi (4)

dpi

dt
=

e
mec

q̃i

m̃i
E Š Wrr, (5)

q̃i andm̃i are particle charge and mass in units of electron charge
e and massme correspondingly.Wrr is the term responsible for
radiation reaction. For curvature radiation it is given by

Wrr =
2e2

3mec
q̃2

i

m̃i

p4

� 2
. (6)

For low-energy particles radiation reaction becomes very small and
for themWrr in equation (5) is ignored (see Section 3.3).

In 1D model the only changing component of electromagnetic
�elds is the electric �eld componentE parallel to thex-axis. The
system is essentially electrostatic and the electric �eld can be ob-
tained from the solution of the Poisson equation for the electric
potential	

d2	
dx2

= Š 4� (� Š � GJ) (7)

as E = Š d	/ dx. Here � is the charge density and� GJ is the GJ
charge density. In order to solve equation (7) one has to either spec-
ify the potential difference across the domain or set the electric
�eld to some �xed value at one end of the domain, either on the
NS surface or at the base of the magnetosphere; these boundary
conditions must be speci�ed at every time-step. The main free pa-
rameter in the problem is the average current density which �ows
through the cascade zone. Charge can accumulate on the NS sur-
face and particles can be sent back from the magnetosphere. Hence,
boundary conditions are different at every time-step – the potential
drop along the computation domain as well as the electric �eld at
the domain boundaries change with time. Boundary conditions are
related in some complicated way to the requirement of providing
a certain value for the average current density. However, if charge
conservation is taken into account, the electrostaticboundary value
problem can be transformed into aninitial value problem, which
does not require boundary conditions. I do so in Appendix A, where

I derive the equation for the electric �eld1

dE(x, t )
dt

= Š 4� (j (x, t ) Š j m(t)) . (8)

Herej is the current density at pointx at timet, andjm is the average
current which �ows through the calculation domain, determined
by the twist of the magnetic �eld imposed by the global stress
balance of the magnetosphere. To solve this equation only an initial
con�guration of the electric �eld in the domainE(x)|t= 0 is necessary;
the boundary conditions are incorporated injm, i.e. the electric
�eld at domain boundaries will adjust itself to provide the required
average current densityjm.

The solution of equation (8) gives the correct electric �eld – the
one which satis�es the Maxwell equations (in the 1D case it is the
Gauss law) – if one starts from a con�guration whereE is obtained
as a solution of the Poisson equation and numerical algorithm con-
serves electric charge. In my simulations, at the very �rst time-step
I set some boundary conditions on the electric �eld (or the potential
drop in the domain) and some initial particle distribution; then I
compute the charge density� and solve the Poisson equation (7) for
that boundary conditions to get the initial distribution of the electric
�eld in the domain. At all subsequent time-steps for each point in
the numerical grid I compute the electric �eld from its value at the
previous time-step using equation (8); the current densityj due to
particle motion is calculated using a change conserving algorithm.

Physically, in order for electric �eld to be zero in the polar cap
the charge density must be equal to the GJ charge density and the
current density equal to thejm required by the magnetosphere. The
GJ charge density enters in the Poisson equation which is solved at
the �rst time-step; because of charge conservation the system ‘keeps
memory’ of the GJ charge density at all subsequent time-steps. The
current densityjm enters in the equation for the electric �eld. So,
the system tries to adjust to both these requirements.

Particles moving along curved magnetic �eld lines emit photons
via the curvature radiation mechanism. Spectral energy distribution
of curvature photons emitted by a particle with the Lorentz factor
� is given by the standard formula (Jackson 1975)

� Nph

� t � 

(
 ) =

1
�

3�

� f c
-� C

1
� 2

� �


/
 peak
CR

d� K 5/ 3(� ) , (9)

where
 is the photon energy normalized tomec2, � f is the �ne
structure constant,-� C = � /m ec = 3.86× 10Š11 cm is the reduced
Compton wavelength,K5/ 3 is the modi�ed Bessel function of the
order of 5/ 3; 
 peak

CR = (3/ 2)-� C � Š1� 3 � 57.92� Š1
6 � 3

6 is the peak en-
ergy of curvature photons,� 6 � � / 106. The integral in equation (9)
has asymptotic forms
� �

y
d� K 5/ 3(� ) �

�
2.15yŠ2/ 3 Š 1.81, if y � 1

1.25eŠyyŠ1/ 2, if y 	 1
(10)

The total number of curvature photons with energies greater than
some
 a emitted by the particle during time dt is

dNph(
 > 
 a) = dt
1

�
3�

� f c
-� C

1
� 2

F
�




 a

�
(11)

where

F (
 ) =
� �



d�

� �

�
dx K 5/ 3(x) . (12)

1 Levinson et al. (2005) used the same approach for the calculation of the
electric �eld. They did not elaborate on the physical meaning ofjm, so I
decided to present a detailed derivation of equation (8).
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For small values of its argumentF(
 ) has the following asymptotic
form:

F (
 ) � 1 + 0.346
 Š 
 1/ 3(1.232+ 0.033
 2), 
 � 1 . (13)

Only very high-energy photons capable of producing an electron–
positron pair in the calculation domain are of relevance for the
considered problem and only those are tracked in the code (see
Section 3.3).

I assume that photons are emitted tangentially to the magnetic
�eld lines and then move along straight lines. The angle� between
the photon momentum and the magnetic �eld increases as the photon
propagates further from the emission point. In a simple model where
magnetic �eld lines have constant curvature the angle between the
photon momentum and the magnetic �eld is given by

� (x) = (x Š xe)/� , (14)

wherexe is the coordinate of the emission point. In the dipolar
magnetic �eld the expression for� (x) is slightly more complicated

� (x) �
3
4

� e
x Š xe

x

�
1 +

xe

RNS
, (15)

here� e is the colatitude of the emission point (a free parameter in
the 1D model) andRNS is the NS radius. Both models were used in
the simulations. The cross-section of photon absorption is given by
(Erber 1966)

� B� = 0.23
� f

-� C

B
Bq

sin� exp
�

Š
8

3�

�
, (16)

where � = 
 B sin�/ Bq � 2.27 × 10Š2
 B12� , and Bq =
m2

ec
3/e� � 4.41 × 1013 G is the critical magnetic �eld strength.

The cross-section grows exponentially as photon propagates further
from the emission point.

When the photon is absorbed I assume that its energy is equally
divided between newly created electron and positron. The perpen-
dicular component of particle’s momentum will be rapidly radiated
as synchrotron photons, which, as described before, are neglected.
Injected particle ends up having only the longitudinal component
of the momentum

pe± �
�


 2 Š 4
4 + � 2

a 
 2

� 1/ 2

, (17)

where � a is the angle between the photon momentum and the
magnetic �eld at the absorption point.

3.3 Numerical implementation

In this section I describe normalization of physical quantities, intro-
duce several numerical parameters controlling the algorithms and
give their typical values in my simulations. I also give an overview of
main numerical algorithms used in the code; a detailed description
of the numerical code will be given elsewhere.

Distances are normalized to the radius of the pulsar polar cap,
x0 = rpc, given by equation (3). The electric potential is normalized
to the vacuum potential drop between the rotation axis and the edge
of the polar cap in the aligned rotator

� 0 =
�
c

Br 2
pc

2
� 6.6 × 1012B12PŠ2 V , (18)

where� is the pulsar angular velocity. The electric �eld is normal-
ized to

E0 =
� 0

x0
� 4.6 × 108B12PŠ3/ 2 V cmŠ1 , (19)

and the charge density to the absolute value of the GJ charge density

� 0 �
�B
2� c

=
� 0

� x2
0

. (20)

Each numerical particle is a macroparticle representing a (large)
number of real particlesN0, either electrons or positrons. Each
numerical particle has a statistical weightwi = w̃i N0. When a
macroparticle emits a photon, the latter gets the particle’s statistical
weight (also see below the description of photon sampling); when
the photon is absorbed the injected electron and positron get the
photon’s statistical weight. An important numerical parameter is
N cell

GJ – the number of macroparticles with the normalized statistical
weightw̃i = 1 in a cell which create the GJ charge density

� 0 = eN0N cell
GJ . (21)

The parameter controlling the number of numerical particles in the
simulation isN cell

GJ ; N0 is computed at the start of the simulation
from equation (21). The difference in the number density between
particles of opposite signs of the order ofN cell

GJ results in a large elec-
tric �eld; this number should be not very small, otherwise numerical
noise will strongly contaminate results. In my simulations values of
N cell

GJ � 5 provide acceptable level of numerical noise which allows
to recognize plasma oscillation excited in the pair plasma.

The calculation domain is divided inMx equal numerical cells;
a typical value ofMx in my simulations is several thousands. I
use 1D version of the charge conservative algorithm proposed by
Villasenor & Buneman (1992) for scattering of charge and current
densities to the grid points and for interpolation of the electric �eld
to particle locations. Integration in time of equations (4), (5), (8)
is done with a leap-frog scheme with a uniform time-step� t. The
radiation reaction in equation (5) is taken into account only for
particles with momentum larger than a certain valuepmin

rr .
For each particle if its momentum is larger than a certain value

pmin
rad I calculate the mean number of photonsNph with energies larger

than a certain
 min
em the particle emits during time� t according to

equation (11). IfNph is small, less than a certainN max
ph , I sample the

number of actually emitted photons from the uniform distribution
with the mean value equal toNph. Then for each photon I sample
its energy from the distribution given by equation (12) using either
cutpoint or inverse transform methods (Fishman 1996). The values
of F(
 ) in equation (12) are tabulated for 0.01
 
 
 10 for use
in the cutpoint method; for smaller
 inverse transform method is
used with the asymptotic formulaF(
 ) � 1 Š 1.232
 1/ 3. If Nph >
N max

ph , the particle emits a �xed number of numerical photons – the
spectrum is divided inN bin

CR bins, the number of emitted numerical
photons is equal toN bin

CR; each photon gets a statistical weight equal
to the product of the statistical weight of the emitting particle and
the number of photons emitted in the corresponding spectral energy
bin given by equation (9).

To calculate the position where the photon is absorbed I sample
the optical depth the photon should achieve before being absorbed;
then I integrate the cross-section (16) along photon’s trajectory until
the required optical depth is reached. The cross-section of photon
absorption in the polar cap grows exponentially with the distance
from the emission point, and most of the trajectory do not make
signi�cant contribution to the optical depth. At �rst optical depth
along photon’s trajectory is calculated using rectangle methods with
large spatial steps (� 1/ 20–1/ 40 of the domain size) until the op-
tical depth on the next step would exceed the required value. This
integration method overestimates the optical depth; the trajectory
always continues beyond this intermediate stop point. I redo the
cross-section integration between the emission and the stop points
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using 15 points Gauss–Kronrod integrator that provides a very ac-
curate value for the optical depth at the stop point. Then, the optical
depth integration is proceeded with a smaller spatial step compa-
rable to the cell size. The number of cross-section evaluation in
this algorithm is, on average, by a factor of few tens smaller than a
cross-section integration with the step equal to the cell size would
require.

Values of the numerical parameterspmin
rr , pmin

rad , 
 min
em , N max

ph , N bin
CR

are �xed at the start of the simulation. These values are chosen to
sample all pair creation capable photons and correctly account for
the radiation reaction on one side, and to minimize the computation
time of the other side; their particular values depend on physical
conditions: the pulsar period, the magnetic �eld strength and the
radius of curvature of magnetic �eld lines. The typical values I
used in the simulations:pmin

rr � pmin
rad � 105 Š 106, 
 min

em � 2Š40,
N max

ph � N bin
CR � 50.

The numerical code was developed from scratch and written in
C++ programming language. Its modular object-oriented structure
is designed to facilitate further extension to multi-dimension and
incorporation of additional physical processes. I tested the PIC part
of the code performing simulations of the following test problems:
oscillation of two test particles, two stream instability in both rela-
tivistic and non-relativistic regime, non-relativistic and relativistic
Child’s laws, dependence of plasma frequency on numerical res-
olution (Birdsall & Langdon 1985). I also tested that the code is
indeed change conservative up to machine precision. The Monte
Carlo part of the code was tested as follows. I veri�ed that the
energy distribution of emitted photons agrees with the spectrum
of curvature radiation. For several �xed emission points, different
values of photon energy, magnetic �eld strength and radius of cur-
vature of magnetic �eld lines I compared the distribution of photon
absorption points produced by the Monte Carlo code with the cor-
responding theoretical distributions. I also checked that for a given
time interval the total energy of emitted photons is equal to the
particle radiation-reaction losses.

4 RESULTS OF NUMERICAL MODELLING

The numerical simulations have shown that in the Ruderman–
Sutherland model pair creation is quasi-periodic and self-sustained.
I performed simulations for different initial particle distributions,
initial electric �elds, strengths of the magnetic �eld, radii of cur-
vature of magnetic �eld lines and pulsar periods. Independent of
the initial con�guration for non-zerojm pair-creation process be-
gins some time after the start of simulations. How and how much
plasma is formed in this initial burst depend on the speci�c setup.
The plasma generation stops after enough plasma is produced to
screen the electric �eld. After plasma generated in this burst of pair
formation leaves the domain (in a couple of domain �yby times),
the behaviour of the cascade for given magnetic �eld, pulsar period
and the mean currentjm is the same, independent of the initial con-
�guration. All subsequent bursts of pair formation do not depend
on the initial setup – the system seems to forget the initial condi-
tions. After that initial burst of pair creation the cascade zone always
settles down to a quasi-periodic behaviour. For a givenjm cascade
behaviour is qualitatively similar for all other physical parameters
admitting pair creation.

I describe here main properties of the Ruderman–Sutherland cas-
cade using as an example a pulsar with periodP = 0.2 s, magnetic
�eld B = 1012 G and the radius of curvature of magnetic �eld lines
� = 106 cm. The radius of curvature of magnetic �eld lines compa-
rable to the NS radius implies that there is a non-dipolar component

of the magnetic �eld in the polar cap region. I performed simulations
for pure dipole magnetic �eld with� � 108 cm too. Qualitatively
results do not depend on the radius of curvature, but for smaller�
calculations with the same numerical resolution can be done faster
because the size of the gap with accelerating electric �eld is smaller.
On the other hand, the adoption of this value for� simpli�es com-
parison with the original Ruderman & Sutherland (1975) model,
where the same value for� was used.

The polar cap radius for such pulsar isrpc = 3.24 × 104 cm
(equation 3). The heights of the gap should be (see equation 2)

hRS,1 � 2.5 × 103 cm � 0.077rpc , (22)

and the potential drop in the gap is

�V RS,1 = 2� � GJh2
RS,1 � 1.98× 1012 V = 0.012� 0 , (23)

so the maximum Lorentz factor of electrons and positrons is

� max
RS,1 =

e�V RS,1

mec2
� 3.87× 106 . (24)

The angular velocity of NS rotation is anti-parallel to the magnetic
moment of the star and the GJ change density is positive. The length
of the computation domain for the simulations described in this
section isL = 0.3rpc � 9.72× 103 cm. Numerical grid hasMx =
5000 points, so that the cell size is� x � 1.94 cm. The number of
numerical particles in cell providing the GJ charge densityN cell

GJ =
10. Other numerical parameters arepmin

rr = pmin
rad = 5 × 105, 
 min

em =
20,N max

ph = 50,N bin
CR = 80.

I describe properties of cascade with physical parameters given
above for three different current densities:jm = jGJ, jm = 0.5jGJ and
jm = 1.5jGJ. First I describe the main properties of cascade with
jm = jGJ. Pair formation dynamics for different current densities
is qualitatively similar. Later in this section I will highlight the
differences in cascade properties forjm = 0.5jGJ andjm = 1.5jGJ.

4.1 Pattern of plasma �ow

In this subsection, I describe the pattern of plasma �ow for a typ-
ical cycle of pair formation in cascade withjm = jGJ. Cascade
development is illustrated by a series of snapshots at several time
moments during a cycle of pair formation taken from a long simula-
tion where several such cycles were observed.2 In Fig. 2, I plot the
change density at equally spaced time interval during the discharge
cycle. In the upper panel of that �gure, I present an overview of
the entire cycle, in the lower panel I plot snapshots of the change
density distribution at smaller time intervals for the most interesting
part of the discharge – formation of a new plasma blob. In Figs 3
and 4, more detailed information about physical conditions in the
discharge zone is shown: the number densities of electrons and
positrons� ± , the accelerating electric �eldE, phase portraits (p Š x
diagrams) of electrons, positrons and pair producing photons. In the
phase portraits particles with positive values of four-momentump
are those which move from the NS, particles with negativep move
towards the NS. The timet in these �gures is normalized to the
�yby time of the computational domain – the time a relativistic par-
ticle needs to cross the domainL/ c. The time is counted from the
start of a particular simulation, so its absolute value has no physical

2 In a previous short publication (Timokhin 2009) I presented plots similar
to Figs 2 and 4 of this paper for a different cycle of the same simulation.
Comparing these plots one can see that different bursts of pair formation are
indeed very similar.

C� 2010 The Author. Journal compilationC� 2010 RAS, MNRAS408,2092–2114



Pair cascades in magnetospheres of NS – I2099

Figure 2. Snapshots of charge density distribution in the calculation domain for cascade withjm = jGJ. Charge density� as a function of distancex from the
NS is plotted at equally separated moments of time;� is normalized to the GJ change density� GJ. The timet shown in small square boxes is normalized to the
�yby time of the computation domain and is counted from the start of the simulation. The presented cycle is taken from the middle of a long simulation. Top:
thewholecycle of cascade development. Bottom: snapshots for time interval marked by the grey area in the top panel; these snapshots illustrate formation and
propagation of plasma blob in more detail.

meaning – only time intervals between the shots have physical
meaning.

Each pair creation cycle could be conveniently divided into three
phases: (i) vacuum gap formation (timeshots fort = 6.033–6.633 in
Fig. 2), (ii) formation and propagation of a plasma blob (t = 6.633–
7.833) and (iii) relaxation (t = 7.833–8.833). Each burst of pair

formation generates dense electron–positron plasma which screens
the electric �eld. Particles must leave the domain in order to provide
the required current density. When plasma leaves the polar cap a
gap with almost no particles inside is formed; the vacuum electric
�eld in the gap is no longer screened [phase (i)]. The few particles in
the gap are accelerated and emit high-energy gamma-photons, and
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Figure 3. Ignition of pair formation in cascade withjm = jGJ. Several physical quantities are shown as functions of the distancex from the NS. Plots in each
column (for the same timet) are aligned – they share the same values ofx. Snapshots are take at time moments of the �rst three marked snapshots in the
bottom panel of Fig. 2. The following quantities are plotted: �rst row:� ± – charge density of electrons (negative values, blue line) and positrons (positive
values, red line);� ± is normalized to the GJ charge density� GJ. Second row: the total charge density� normalized to the GJ charge density� GJ. Third row:
accelerating electric �eldE normalized to the vacuum electric �eldE0. Fourth row: phase-space portrait of positrons (horizontal axis – positron positionx,
vertical axis – positron momentump+ normalized tomec). Fifth row: phase-space portrait of electrons (horizontal axis – electron positionx, vertical axis –
electron momentumpŠ normalized tomec). Sixth row: phase-space portrait of pair-producing photons (horizontal axis – photon positionx, vertical axis –
photon momentump� normalized tomec).

the process of plasma creation starts again. The electron–positron
plasma is produced non-uniformly; it forms a blob3 of relativistic
plasma where large amplitude plasma oscillations are excited [phase
(ii)]; the blob is visible in Fig. 2 as a packet of large amplitude charge

3 Actually, I am computing plasma sheets in 1D, but in 2D and 3D these
would be plasma ‘blobs’, so I use the latter term throughout the paper.

density oscillations. The blob moves into the magnetosphere leaving
a tail of moderately relativistic plasma behind. When the blob leaves
the computational domain, the remaining plasma still screens the
vacuum electric �eld till the plasma density drops belownGJand pair
formation starts again [phase (iii)]. Below I describe these processes
in more details.

A typical cycle starts with the formation of a vacuum gap above
the NS surface (timeshots att = 6.033–6.650 in Figs 2 and 3). The
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